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The NMR relaxation rate is studied on the magnetic states of an impurity in bilayer graphene within a
tight-binding scenario. The dependencies of the relaxation rate on temperature, interlayer interaction
and also the chemical potential have been considered. Although for low temperatures we observe the
usual Korringa relation, a characteristic of the conventional fermions, the rate increases with the
increase in temperature and tends to saturate for high temperatures. For small interlayer interactions
(t?) the system can be either magnetic or non-magnetic. However for higher t? we observe the
existence of only a pure magnetic state. In graphene this transition is also observed with two cusps
related to the magnetic to non-magnetic transition, which modiﬁes to a single hump for higher t? ,
where the system is purely magnetic for any value of chemical potential.
& 2012 Elsevier B.V. Open access under the Elsevier OA license.1. Introduction
Carbon nanomaterials due to its rich polymorphism and varied
dimensionality have played an important role in nanoscience and
nanotechnology. Graphene, a two-dimensional allotrope of carbon
arranged on a honey-comb lattice exhibits unconventional electro-
nic properties [1] whose low-energy excitations are massless, chiral
Dirac fermions [2]. Analogies with the quantum electrodynamics [3]
and quantum gravity [4] have also been observed due to the
presence of the Dirac fermions. Moreover, it also has potential for
spintronics, that is independence of the charge and the spin carriers
[5]. The Dirac dispersion relation given by KG ¼ vF9p9 is due to its
peculiar lattice structure where vF is the Fermi velocity and the
7signs refer to the two linearly dispersing bands. Consequently,
due to this linear scaling we obtain the ratio of the kinetic to
Coulomb energy to be independent of the electron density, depend-
ing therefore only on the material properties and environmental
conditions. As the electronic properties of graphene are sensitive to
environmental conditions, they are modiﬁed by the presence of
other layers [6]. The bilayer graphene has properties signiﬁcantly
different from the monolayer one. This peculiar dispersion relation
that makes the electron density of states vanish at the Dirac point
induces a unique nature to graphene. Thus, neutral graphene is
neither a metal nor an insulator. Furthermore, this scaling of the
kinetic energy to momentum has strong consequences in the issues
of electron conﬁnement. The electron motion in the presence of
magnetic ﬁeld for 2D graphene has also got far reaching conse-
quences due to the degeneracy brought about in the Landau levels.lsevier OA license.Moreover, one expects Coulomb interactions to be highly enhanced
in the presence of magnetic ﬁelds. Disorder in the 2D graphene can
also have deep effects due to the presence of Dirac fermions. It
affects not only the physics of electrons but also its transport
properties. Since disorder is unavoidable in any material, there has
been a great deal of interest in trying to understand the phenom-
enon. Disorder may occur due to simple effects like those found in
semiconductors to adatoms and various molecules adsorbed in the
surface, to more unusual defects like ripples [7]. Disorder can also
lead to the phenomenon of Zitterbewegung or jittery motion of the
wave function [8]. Moreover, defects, such as vacancies, lead to local
magnetic moments. Local magnetism can also arise due to the
zigzag edges. Interestingly, the adatoms that are capable of gen-
erating local magnetic states can be positioned on graphene using a
scanning tunneling microscope [9] in advantage to the diluted
magnetic semiconductors where the location of the magnetic ions
is random. Hence the study of the local electronic properties is
highly facilitated. The localized magnetic states due to the adsorp-
tion of adatoms depend not only on its location relative to the two
sublattices of graphene but also on its nature. Transition metals [10]
and simple molecules and atoms like hydrogen [11–13] behave
differently when adsorbed. Adatoms can also form substitutional
defects on single and double vacancies in graphene [14,15]. More-
over, the magnetic properties of adatoms such as the magnetic
moments can be controlled by external electric ﬁeld [16]. Recently,
the localized magnetic moments have been studied in the single-
layer [16] as well as in bilayer and trilayer [17] graphene. A multi-
layer graphene has showed marked modiﬁcations from its single-
layer structure in various experimental studies [18].
Nuclear magnetic resonance (NMR) is an important technique
to probe the electronic properties of the system as it is sensitive
to the density of states near the Fermi surface, as was observed
Fig. 1. Schematic diagram of the lattice structure of the bilayer graphene with an
impurity atom.
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due to the impurity in the system makes the spin–lattice relaxa-
tion time T1, the decay of the longitudinal magnetization to its
equilibrium value, very important measurement for graphene.
Recent measurements on the spin–lattice relaxation time [19]
showed a deviation from the Fermi liquid behavior in carbon
nanotubes with the formation of a gap in the spin excitation
spectrum, where the gap value is independent of the magnetic
ﬁeld. Moreover, the temperature dependencies of T1 could lead to
various interpretations. A theoretical study of NMR in graphene is
essential at this point to provide a interpretation of the results.
The NMR relaxation rate was recently studied in graphene using a
tight-binding model including hopping up to the next-nearest
neighbors [20] exhibiting different temperature dependencies of
T1 at different temperature regimes.
The study of the NMR in graphene with impurity that
describes the formation of a local moment can be done using
the Anderson impurity model. In this work we consider an
impurity atom on the bilayer graphene sheet which can be
written using a tight binding Hamiltonian consisting of a top
layer of sublattice B atop the sublattice A bottom layer. In this
model an ion with inner shell electrons hybridizes with the
conduction sea of electrons. The conduction electrons are
described by a Fermi liquid with constant density of states
whereas the impurity ion is strongly interacting. This model has
already been studied in graphene [16,17] to demonstrate the
broadening of the adatom level and the formation of local
magnetic moments due to the energy dependence of the density
of states. Moreover, the local magnetic moments also found to be
controlled by the external gate voltage, lead to a complete control
of the magnetic properties of adatoms in graphene.2. The model
The model Hamiltonian of the bilayer graphene with an
adatom is written as
H¼HTBþHf þHVþHI ð1Þ
where HTB is the tight binding Hamiltonian of the bilayer
graphene, Hf is the adatom Hamiltonian, HV is the hybridization
of the adatom localized states with the graphene conduction
electrons and HI is the contact interaction between the adatom
electrons and the nuclear spin.
The tight binding Hamiltonian is given by
HTB ¼t
X
/i,jSs,l
½aylsðRiÞblsðRjÞþH:c: ð2Þ
t?
X
/i,jSs
½ay1sðRiÞb2sðRjÞþH:c: ð3Þ
where the operator alsðRiÞ (blsðRiÞ) annihilates a state with spin s
at the position Ri on the sublattice A ‘(B ‘) of the plane ‘¼ 1;2,
and the parameters t and t? are the interlayer and the intralayer
hopping energy, respectively, as presented in a schematic dia-
gram in Fig. 1.
The adatom Hamiltonian is described by
Hf ¼
X
s
Ef f
y
sf sþUnmnk ð4Þ
where f s(f
y
s) is the annihilation (creation) operator of a state
with a spin s¼m,k at the adatom, ns ¼ f ysf s is the adatom occu-
pation number operator, Ef is the energy of the adatom electron,
and U is the Coulomb interaction due to the double occupancy
of an energy level in the adatom. For simplicity we adopt a mean-
ﬁeld approximation to the electronic correlations at the adatom,
Unmnk ¼U
P
s/nsSf
y
sf sU/nmS/nkS. Hence, the impurityHamiltonian can be rewritten as Hf ¼
P
sEfsf
y
sf s where
Efs ¼ Ef þU/nsS. The adatom orbital is sited at the origin of
the B sublattice, with which is hybridized with a hybridization
strength V. This hybridization is represented by the Hamiltonian
HV ¼ V
X
s
½f ysb1sð0ÞþH:c: ð5Þ
A nuclear spin I¼ 1=2 is associated with the adatom, which
interacts with the adatom electrons via the contact interaction
HI ¼ gðSþ IþH:c:Þ ð6Þ
where g is the hyperﬁne coupling constant, I is the nuclear
lowering spin operator and Sþ ðSÞ ¼ f ymfkðf ykf mÞ is the adatom
rising (lowering) operator.
In the momentum space the tight binding and the hybridiza-
tion Hamiltonian are written as
HTB ¼
X
ks,l
½fðkÞaylksblksþf
nðkÞbylksalks ð7Þ
þt?
X
ks
½ay1ksb2ksþb
y
2ksa1ks ð8Þ
HV ¼
Vﬃﬃﬃﬃ
N
p
X
ks
½f ysb1ksþby1ksf s ð9Þ
where fðkÞ ¼tP3i ¼ 1 eik:di , with d1 ¼ ða=2Þð1, ﬃﬃﬃ3p ,0Þ, d2 ¼ ða=2Þð1,

ﬃﬃﬃ
3
p
,0Þ, d3 ¼ að1;0,0Þ and a is the lattice spacing.
Diagonalizing the Hamiltonian HTB we can write the eigenva-
lues as
E77 ðkÞ ¼ 7 E2kþ
t2?
2
7
t4?
4
þt2?E2k
 1=2" #1=2
ð10Þ
where Ek ¼ 79fðkÞ9. When Ek is linearized around the inequiva-
lent corners of the Brillouin zone ~K ¼ ð2p=ð3aÞ,2p=ð3
ﬃﬃﬃ
3
p
aÞÞ and
~K
0 ¼ ð2p=ð3aÞ,2p=ð3
ﬃﬃﬃ
3
p
aÞÞ, known as Dirac points, it is written as
Ek ¼ 7vF9~k9, where vF ¼ 3ta=2 is deﬁned as the graphene (Fermi)
velocity. The best estimates of the parameters for graphene
are given by t 2:5 eV, t?  0:4 eV and a¼0.14 nm, yielding
vF ¼ 108 m=s [21]. For vF9~k95t?, the bilayer graphene presents
a parabolic band dispersion E7 ðkÞ  7v2F k2=t?. In the opposite
limit, as vF9~k9bt?, the linear band dispersion is recovered,
E7 ðkÞ  7vFk, just as in the single layer graphene.
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The nuclear relaxation rate is obtained from the Fermi’s golden
rule transition probability
1
T1
¼ 2p
‘
1
Z
X
I,F
ebEI 9/F9HI9IS9
2dðEFEIÞ ð11Þ
where HI induces the transition between the initial state 9IS and
the ﬁnal sate 9FS of the electronic-nuclear spin system, the d
function ensures the energy conservation in the transition, Z is the
partition function and b¼ 1=kBT (kB is the Boltzmann constant
and T is the temperature).
From the ﬂuctuation dissipation theorem we obtain
1
T1
¼ g
2
‘
lim
o-0
2
1ebo0 IG
R
fmfk
ðo0Þ
 
ð12Þ
where GRðfmf k,o0Þ is the Fourier transform of the retarded two
particle Green’s function
GRfmfk ðtÞ ¼ iyðtÞ/f
y
mfkðtÞ,f ykfmð0ÞS ð13Þ
Expressing the above two-particle Green’s function in terms of
the one-particle greater (G4f s ðtÞ ¼i/f sðtÞf
y
sð0ÞS) and lesser
(Gof s ðtÞ ¼ i/f
y
sð0Þf sðtÞS) Green’s functions, considering their Four-
ier transformations and remembering the connection to the
spectral function,
G4fs ðoÞ ¼ iAf s ðoÞ½1nF ðoÞ
Gofs ðoÞ ¼ iAf s ðoÞnF ðoÞ ð14Þ
the relaxation rate is written as
1
T1
¼ g
2
h
Z 1
1
doAfm ðoÞAfk ðoÞnF ðoÞð1nF ðoÞÞ ð15Þ
where nF ðoÞ is the Fermi distribution function, nF ðoÞ ¼
1=ðebðomÞ þ1Þ, and m is the chemical potential. The spectral
function Aðf s,oÞ is given by
Af s ðoÞ ¼ 2ImG
R
fs
ðoÞ ð16Þ
where GRf s ðoÞ is the Fourier transform of the single particle
retarded Green’s function
GRfs ðtÞ ¼ iyðtÞ/½f sðtÞ,f
y
sð0ÞS ð17Þ
The standard equation of motion yields
GRfs ðoÞ ¼
1
oEfsSRf s ðoÞ
ð18Þ
where
SRf s ðoÞ ¼ 
V2
D2
t?
4
ln
ðD2o1Þo2
ðD2o2Þo1


(
þ o
2
ln
ðD2o1ÞðD2o2Þ
o1o2


 ip
2
t? sgn
do1
do
yðo1Þsgn
do2
do
yðo2Þ
 
þ2o sgn do1
do
yðo1Þþsgn
do2
do
yðo2Þ
 
ð19Þ
yðo1;2Þ is the step function, o1;2 ¼o27ot?, with the condition
0oo1;2oD2, where D is a high-energy cutoff of the graphene
bandwidth, deﬁned by ensuring the conservation of the total
number of states in the Brillouin zone according to the
Debye prescription. The Green’s function GRf s ðoÞ in Eq. (18)
depends on the occupation number /nsS, which is determinedrecursively by
/nsS¼
1
2p
Z m
1
doAf s ðoÞ
4. Results and discussion
NMR, a powerful technique for studying the electronic proper-
ties of materials, has been studied using the Green’s function
method to understand the nuclear spin–lattice relaxation rate
1=T1 of a magnetic impurity hybridized with one of the layers of a
bilayer graphene. In this paper we present the numerical results
of the dependencies of 1=T1 on temperature and the interlayer
hopping energy for different values of the chemical potential m
and the parameters of the model. For the numerical calculation,
the bilayer graphene is represented by the bandwidth D¼7.0 eV
[16], the interlayer and the intralayer hopping energy, t¼2.5 eV
and t? ¼ 0:4 eV, respectively, and the lattice spacing a¼0.14 nm
[21]. The hybridization interaction between the adatom and the
graphene B sublattice is take as V¼1.0 eV, and the parameters of
the adatom are Ef ¼ 0:2 eV and U¼0.1 eV.
For low temperatures, the relaxation rate given by Eq. (15)
obeys the Korringa relation 1=ðT1TÞ ¼ ðg2=hÞAfm ðmÞAfk ðmÞ, which is
shown in Fig. 2(a) as a function of the chemical potential m for
single layer graphene (t? ¼ 0, solid line), bilayer graphene
(t? ¼ 0:4, dashed line) and a hypothetical case with t? ¼ 0:7
(dash-dotted line). In Fig. 2(b) we present the correspondent
occupation numbers nm and nk as a function of m. For the single
layer and the bilayer graphene, at low temperature, 1=ðT1TÞ
presents two cusps at the critical points where the adatom
experiments a magnetic–non-magnetic transition. Increasing t?,
the two cusps merge in a single peak, where the adatom is non-
magnetic for any value of m.
The dependencies of the spin–lattice relaxation rate on t? and
T are exhibited in Fig. 3(a) for m¼ 0 and in Fig. 3(b) for m¼ 0:2,
with the same parameters of Fig. 2. In both cases, the relaxation
rate increases with the temperature and saturates at high tem-
perature, where all the adatom conﬁgurations are thermally
accessible. We observe that the relaxation rate is very much
dependent on the interlayer hopping energy t?. For m¼ 0, at a
certain temperature T, the relaxation rate approaches the con-
stant value of the single layer graphene for small t? and decreases
monotonically as t? increases. In the cases where m¼ 0:2, for a
constant temperature, the relaxation rate increases with t?,
presenting a cusp at a value t? for which nm ¼ nk, and decreases
monotonically for high t?. In this case, the variation of t?
produces a magnetic–non-magnetic transition in the adatom.
The interlayer interaction t? changes the behavior of the
relaxation rate via the effective energy level efs and the effective
interaction of the adatom orbital with the conduction band levels.
For ef ¼ 0:2 eV and m¼ 0 the adatom levels with spin up and spin
down are always degenerate for any t? (efm ¼ efk) and both the
conﬁgurations contribute equally to the relaxation rate. However,
from Eq. (19) we can see that the width of the spectral function
AfsðoÞ increases monotonicaly with the parameter t?. Due to the
conservation of the total number of states in the Brillouin zone,
according to the Debye prescription, the increase in t? induces a
decrease in the spectral function, which is reﬂected in the
behavior of the relaxation rate. For ef ¼ 0:2 eV and m¼ 0:2 the
two conﬁgurations of the adatom with spin up and spin down are
non-degenerate for small t?. In this case, efmaefk, the relaxation
rate depends mainly on the lowest energy conﬁguration. Increas-
ing t? decreases the difference in the energy of the two conﬁg-
urations. Hence, the conﬁguration with higher energy becomes
thermally accessible and increases its contribution towards the
relaxation rate, which grows monotonically with t? until both
Fig. 3. Adatom nuclear spin–lattice relaxation rate as a function of the tempera-
ture and interlayer interaction for (a) m¼ 0:0 and (b) m¼ 0:2.
Fig. 2. (a) Adatom nuclear spin–lattice relaxation rate vs chemical potential m and
(b) occupation number vs m in the limit of zero temperature, for t? ¼ 0:0 (solid
line), t? ¼ 0:4 (dashed line) and t? ¼ 0:7 (dash-dotted line).
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grows, the width of spectral function increases and the relaxation
rate decreases monotonically due to the decrease in the density of
states of both the conﬁgurations.5. Conclusion
We applied the Green’s function equation of motion to study the
relaxation rate of a magnetic impurity adsorbed on a sublattice of
the bilayer graphene in the mean ﬁeld approximation for the
Coulomb interaction U between the electrons in the adatom orbital.
These electrons interact with the conduction electrons and with the
adatom nucleus with the hybridization energy V and the contact
interaction gðSþ IþH:c:Þ, respectively. The relaxation process of the
magnetic moment of the nucleus is via the energy dissipation of the
conduction electrons. The relaxation rate was obtained iteratively in
terms of the occupation numbers nm(nk) using the Fermi’s golden
rule and the ﬂuctuation dissipation theorem. For low temperatures
the nuclear relaxation rate of the adatom obeys the Korringa relation
and depends on the chemical potential m. For small interlayer
interaction t?, the relaxation rate presents two cusps at m, corre-
sponding to a magnetic–non-magnetic phase transition, and for high
t?, these cusps merge in a peak in the non-magnetic region.Increasing the temperature, the relaxation rate increases and
saturates for high temperature.Acknowledgment
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